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Overview

Delay insensitive circuits are understandable by:

(a) intuitive unconvincing hand-wavy descriptions

(b) formal theories checkable by programs or proofs

Let's try to find a way from (a) to (b).



The intuitive approach



Executive summary

All you need to know about delay insensitive circuits:

- they have no clocks
- handshake signals and causal relationships make them go
- theory taught in school doesn’'t work on them

- they are feared, reviled, ignored, and misunderstood
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Block diagrams

Disregarding semantics, how can connections be specified ?

—

A formalism for block diagrams should enable

- algebraic description
- hierarchy



Blockoids

A blockoid over a set b is an algebraic structure (b, r,z,1i) with

-ieb
z:b—b
‘r:bxb—b

satisfying the blockoid axioms.
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Rolling up the outputs

zr(x,1i)



Rolling up the outputs




Blockoid axioms

There exists a congruence on b such that

“Vreb.JieN.tz=(zot)ltzx

-Vzeb.JoeN. vz =(zov)°tlvy
are true, where t and v are defined by

- t=Az.r(i,x)

- v =Az. r(z,i)

The minimum 4, 0 € N satisfying these conditions for a block x
are called its input arity I x and its output arity O x.



Blockoid axioms

idempotence
left identity
right identity
associativity
input arity laws

output arity laws

zr(i,i) =1

r(zi,z) ==z

r(z,zi)=x

(z,1(y, 2)) = r(x(z, 1), 2
lzx=1z—-1
Ir(z,y)=Tz+1y
Ozx=0z—-1
Or(z,y) =0y+0y
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Handshake converter blockoid

z%r(zr(TOGGLE, FORK), zr(JOIN, MERGE))
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for some permutation network p expressible by r, z and i.



Universality of block combinators

Any network of blocks b = (bg...by,) is expressible as

- bus from p to b—/‘\ fold

- exposed input bus \z/w‘szu (Fr)(budlpy)

- bus from thp\J

concatenate
n
t = Az. r(i, z) u= Y 0b
t=0
s=zot v=(Ip)—u

wzzn:jbt
t=0

for some permutation network p expressible by r, z and i.
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Permutation networks

x p(z) =r(i,p(z))
<97 67 27 07 57 4? ]" 77 37 8>

6,2,0,5,4,1,7,3,8,9) 0 0
(2,0,5,4,1,7,3,8,9,6) 1 1
9,5,4,1,7,3,8,9,6,2) 2 2
| -1 3 3
x' ={(4,3,0,6,2,7,8,5,1) ;1 ‘51
= 1)—1

(zOh«1) 6 6
7 7
8 8

roll left decrement

drop
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Permutation networks

x p(z) = s’tp(z’)
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Permutation network combinator definition

The permutation obtained from x € N* rolled left by
h=(z1)
decapitated and pointwise decremented
P=(xO0h«1)—1

implies the recurrence

p(x):{ i if || = 1
(M. shtp((z O h « 1) = 1)) (@ )o if |2] > 1

implying universality of r, z, and i for block diagrams !



Permutation network examples

X

9,6,2,0,5,4,1,7,3,8)
(5,0,9,3,1,8,7,2,6,4)
{4,5,1,7,3,2,8,0,9,6)
(1,3,2,7,8,6,9,0,4,5)
2,9,6,0,1,5,3,7,8,4)
(8,3,7,6,0,1,9,5,2,4)
8,9,7,0,5,2,4,1,6,3)
0,9,2,7,1,4,3,8,5,6)
5,3,4,8,1,7,0,6,2,9)
0,6,2,4,8,5,3,7,9,1)
(3,0,7,9,1,8,6,2,5,4)

p(z)
s3ts2tsdtsdtsttsitsdtli
sts?ts’tsits3t2s3tststi
s'ts*ts?tsOts3t2s3t3]
s'ts?tstsOts*t2stst2i
s3t2s%ts3ts2ts2ts3tii
st?s?ts’tsttstts?ts?tsti
s3ts3tsts?tsttstt2s242i
ts3tsOts?tsotst2st?i
sOtsTts?ts?t2sts?ts?tsti
tstststs3tsts®tststi
sts?ts?ts’tststts3t2sti
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Component models - first attempt

Model the components as Petri nets.

T

\Y

P

universe of observable transitions
universe of places and unobservable transitions

Petri nets (P, T, A, M, F")

- places P c V

- transitions T c T u 'V
carcsAc (PxT)u (T x P)
- initial marking M < P

- final marking F < P



Component models - first attempt

Model the components as Petri nets.

T universe of observable transitions
V universe of places and unobservable transitions

P Petrinets (P, T, A, M, F)

- places P c V

- transitions T c T u 'V
carcsAc (PxT)u (T x P)
- initial marking M < P

- final marking F < P

but then inputs and outputs are indistinguishable



Component models - second attempt

Model the components as DI processes.

T universe of observable transitions

universe of places and unobservable transitions
Petri nets (P, T, A, M, F")

delay insensitive processes pe P(T) x P(T) x P

O 3 <L

Forp=(I,O,N)eD

- Petrinet N = (P,T,A,M,F)eP
- input alphabet I 2T T
- output alphabetO 2T nT



Refinement over processes

From a delay insensitive process X = (1,0, N) € D, infer
- a reachability graph RG(X) from the Petri net N.
From the reachability graph, infer

- a quiescent trace recognizing automaton QR(X)
- a divergent trace recognizing automaton DR(X)

From their languages £ QR(X),L DR(X) € (I u O)*, infer
- a relational trace set [X] = L QR(X) u L DR(X)

such that the refinement relation X = Y coincides with

[X] =2 [Y].



Complete partial ordering by refinement
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delay insensitive processes pe P(T) x P(T) x P

O 3 <L

Forp=(I,O,N)eD

- Petrinet N = (P,T,A,M,F)eP
- input alphabet I 2T T
- output alphabetO 2T nT



Component models - second attempt

Model the components as delay insensitive processes.

T

O 3 <L

universe of observable transitions

universe of places and unobservable transitions
Petri nets (P, T, A, M, F")

delay insensitive processes pe P(T) x P(T) x P

Forp=(I,O,N)eD

- Petrinet N = (P,T,A,M,F)eP
- input alphabet I 2T T
- output alphabetO 2T nT

but then name clashes among transitions are inconvenient



Component models - third attempt

Model the components as blocks with terminals.

T universe of observable transitions

V universe of places and unobservable transitions
P Petrinets (P, T, A, M, F)

D delay insensitive processes pe P(T) x P(T) x P
B primitive blocks be N x N x (((T* x T*) — D))

forb=([,0,B)eB

- inputarity I e N
- output arity O e N
process (I',0',N) = B(i,o0) has I' = R(i), 0" = R(o)



Component models - third attempt

Model the components as blocks with terminals.

T universe of observable transitions
V universe of places and unobservable transitions
P Petrinets (P, T, A, M, F)
D delay insensitive processes pe P(T) x P(T) x P
B primitive blocks be N x N x (((T* x T*) — D))
forb=(1,0,B)eB range of a list
- inputarity I e N
- output arity O e N
process (I',0',N) = B(i,o0) has I' = R(i), 0’ = R(o)



Refinement over components

For a standardized infinite list G € T* of generic symbols, let
Igp : B —> D
map components to processes by
Iep(1,0,B)=B(G 1 1,G « I 1 O)
and let refinement among components X,Y € B be defined by

X é Y & STBID(X) = 3’[BID(Y)-



Refinement over components

For a standardized infinite list G € T* of generic symbols, let
Igp : B —> D
list truncation
map components to processes by
Isp(1,0,B) =B(G 1 1,G « 11 0)

and let refinement among components X,Y € B be defined by

X é Y & STBID(X) = 3’[BID(Y)-



To-do list

Give a formal account of how components

v get connected into a network
v/ behave individually

- behave collectively when connected into a network
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- behave collectively when connected into a network



A blockoid (B, Rg, Zg, Ig) over circuit components

For the universe of primitive blocks
B=NxNx (((T*xT*) - D))
letIg = (1,0, Br) e B have I = O =1 and

Bi({a), ®)) = ({a}, {b}, N)
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A blockoid (B, Rg, Zg, Ig) over circuit components

For the universe of primitive blocks
B=NxNx (((T*xT*) - D))
letIg = (1,0, Br) e B have I = O =1 and

Bi((a),<b)) = ({a}, {b}, ({p}, {a, b}, {(a, p), (p, @)}, T, D))

for some arbitrary but fixed place p.

laf—O—1al



A blockoid (B, Rg, Zg, Ig) over circuit components

Let Rg((I,0, B), (I',0', B')) = (I + I, O + O', Bg) with

Br(i,0) = par (B(i 1 I,01 0),B'(i « I,0 « O))
20 — 00
iy —> 05

i+r—1 — OI+:I'—1
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A blockoid (B, Rg, Zg, Ig) over circuit components

Let Rg((I,0, B), (I',0', B')) = (I + I, O + O', Bg) with

Br(i,0) = par (B(i 1 I,01 0),B'(i « I,0 « O))

L0

‘E

B(i1 1,01 1)

11

i
B'(i « I,o « I)

Iryr—1




A blockoid (B, Rg, Zg, Ig) over circuit components

Let Rg((I,0, B), (I',0', B')) = (I + I, O + O', Bg) with

Br(i,0) =par (B(i 1 I,010),B'(i « I,0 « O))

Parallel composition
of DI processes

L0
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A blockoid (B, Rg, Zg, Ig) over circuit components

Let Zg(I,0,B) = (I — 1,0 — 1, Bz) € B with

Bz (i,0) = par (B(inq,pno),Bi(p,q))

for arbitrary distinct p,q € T* disjoint from ¢ and o.
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A blockoid (B, Rg, Zg, Ig) over circuit components

Let Zg(I,0,B) = (I — 1,0 — 1, Bz) € B with

Bz (i,0) = par (B(inq,pno),Bi(p,q))

for arbitrary distinct p,q € T* disjoint from ¢ and o.
[ ] [
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=
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A blockoid (B, Rg, Zg, Ig) over circuit components

Let Zg(I,0,B) = (I — 1,0 — 1, Bz) € B with

Bz (i,0) = par (B(inq,pno),Bi(p,q))

for arbitrary distinct p,q € T* disjoint from ¢ and o.

T ml )
_> Bi(p, q)

B
9 O

n
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A blockoid (B, Rg, Zg, Ig) over circuit components

Let Zg(I,0,B) = (I — 1,0 — 1, Bz) € B with

Bz(i,0) = par (B(i11¢,p 11 0), Bi(p,q))
for arbitrary distinct p,q € T* disjoint from ¢ and o.
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Give a formal account of how components

v get connected into a network
v behave individually
v/ behave collectively when connected into a network



To-do list

Give a formal account of how components

v get connected into a network
v behave individually
v/ behave collectively when connected into a network

Now what ?
- A network needs to be physically implemented somehow.
- Technology mapping tools need it in netlist form.

- How to ensure the netlist matches the block expression ?



An abstract representation

ldea !
Use an intermediate source with two possible targets.

- Let H denote a universe of hierarchical blocRs.
- Let L denote a universe of netlists.
- Transform B <& H 7% | in either direction.

- Make the transformations Jyg and J simple and obvious.



An abstract representation

ldea !
Use an intermediate source with two possible targets.

- Let H denote a universe of hierarchical blocRs.
- Let L denote a universe of netlists.
- Transform B <& H 7% | in either direction.

- Make the transformations Jyg and J simple and obvious.

Structure-preserving maps between blockoids over H, B, and L ?



A blockoid (H, R, Z, ) over hierarchical blocks

Define the universe of hierarchical blocks
H=BuH*

and let nested lists encode them by block combinators

I = Iy

Z(x) = ()
R((z),<y)) = «,<y»
R((z),Y) = Y
R(X,(y) = Xulyy
R(X,Y) = XuY

forall z,y e Hand X,Y e H* with | X|, |Y| > 1.



Transformation from hierarchical to primitive blocks

A transformation Jyg : H — B satisfying

Z

H

/1) Tum

B

Zp
determines a refinement relation
[08 @
XCY<Iyum X IupY

and hence an extensional semantics for all X,Y € H.



Transformation from hierarchical to primitive blocks

A transformation Jyg : H — B satisfying

H x H lit H
Az, y). (Tus , TuB Y) Tum
B x B B
B

determines a refinement relation
[08 @
XCY<Iyum X IupY

and hence an extensional semantics for all X,Y € H.



Transformation from hierarchical to primitive blocks

A transformation Jyg : H — B satisfying

h ifheB
Tus(h) = { Zp Tup ho ifh e H!
(F Rg) Jgg b otherwise

determines a refinement relation
[08 @
XCY<Iyum X IupY

and hence an extensional semantics for all X,Y € H.



Transformation from hierarchical to primitive blocks

A transformation Jyg : H — B satisfying

map over a list

h ifheB
Tus(h) = { Zp Tup ho ifh e H!
(F Rg) Jjg b otherwise

determines a refinement relation
[08 @
XCY<Iyum X IupY

and hence an extensional semantics for all X,Y € H.



Netlists from blockoid operators

1
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Netlists from blockoid operators

r(TOGGLE, FORK)
1
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Netlists from blockoid operators

2zr (TOGGLE, FORK)
r(TOGGLE, FORK)

0o —— <

zr (JOIN, MERGE)
r(JOIN, MERGE)



Netlists from blockoid operators

r(zr (TOGGLE, FORK), zr (JOIN, MERGE))
2zr (TOGGLE, FORK)
r(TOGGLE, FORK)
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zr (JOIN, MERGE)
r(JOIN, MERGE)
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Netlists from blockoid operators

zr(zr(TOGGLE, FORK), zr (JOIN, MERGE))
r(zr (TOGGLE, FORK), zr (JOIN, MERGE))
2zr (TOGGLE, FORK)
r(TOGGLE, FORK)

I

zr (JOIN, MERGE)
r(JOIN, MERGE)
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Netlists from blockoid operators

z2r(zr (TOGGLE, FORK), zr (JOIN, MERGE))
zr(zr(TOGGLE, FORK), zr (JOIN, MERGE))
r(zr (TOGGLE, FORK), zr (JOIN, MERGE))
2zr (TOGGLE, FORK)
r(TOGGLE, FORK)

I

zr (JOIN, MERGE)
r(JOIN, MERGE)

10 1
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Netlists from blockoid operators
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Netlists from blockoid operators

0 —<= 39 (€0,¢3,9), TOGGLE)
3—4¢ g ((3), (7,5, FORK)
6 —>

7 10 ({6, 7),{10), JOIN)

% —>—=1 ({9,10),(11), MERGE)



Netlists from blockoid operators

Netlists boil down to members of (N* x N* x B)* such as

(
(0, (3,9), TOGGLE),
«3), {7,5), FORK),
({6,7), <10y, JOIN),
(€(9,10), <11), MERGE))



A blockoid (L, Ry, Zy, I, ) over netlists

Define the universe of netlists
L=(N*xN*xB)*

with
I = {(0),<1),Ig))
and Zg, Ry satisfying

m VAT

7z,



A blockoid (L, Ry, Zy, I, ) over netlists

Define the universe of netlists
L=(N*xN*xB)*

with
I = {(0),<1),Ig))
and Zg, Ry satisfying

H x H

H

Az, y)- (T z, T y) TwiL

LxL——7——L

Ry



A blockoid (L, Ry, Zy, I, ) over netlists

Define the universe of netlists
L=(N*xN*xB)*

with
I = {(0),<1),Ig))
and Zg, Ry satisfying

(MI,0,B). {(u1,ib,h))) b ifheB
fTu-m]_(h) = Z|]_ ff[]-[]u_ ho ifhe |]'|]1
(FRL) T h otherwise



A blockoid (L, Ry, Zy, I, ) over netlists

Define the universe of netlists
L=(N*xN*xB)*
with
I = {(0),<1),Ig))
and Zg, Ry satisfying O...1-1)
T...1+0-1)

(MI,0,B). {(ur, b, h))) b ifheB
fTu-m]_(h) = Z|]_ ff[]-[]u_ ho ifhe |]'|]1
(FRL) T h otherwise



A blockoid (L, Ry, Zy, I, ) over netlists

For input terminal numbers and output terminal numbers

= ®ru o(x) = ] ®(0)

(1,0,B) eJe( ) (I,0,B) e R(x)

associated with a netlist z € L, we have

all terminals i(z) U o(x)
all external inputs i(z) — o(x)
all external outputs o(x) —i(x

first external output min (o(x)
last external input max (i(z) — o(z))



A blockoid (L, Ry, Zy, I, ) over netlists

A rewrite rule for input terminal numbers

min(o(z) —i(x)) ift = max(i(x) — o(x))
t otherwise

wy(xz) = At {

specifies the operator Zg : L — L

Zu(z) = (M1, 0, B). ((w, 2)* I,0, B))*



A blockoid (L, Ry, Zy, I, ) over netlists

A rewrite rule taking t € N to a number outside i(z) U o(x)
wy(z) = At. t + 1 + max(i(z) U o(z))
specifies the operator Ry : L x L — L

Ri(z,y) =21 (A(I,0,B). (w,z)* I, (w,2)* O, B))*y



Taking it for a spin




Multiway merge

) I ifn=1
fln) = Z’R(R.(fn/2], f[n/2]), MERGE) otherwise



Multiway merge

) I ifn=1
fln) = Z’R(R.(fn/2], f[n/2]), MERGE) otherwise

Too easy ?
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Traffic control

Streets

\ trajﬁc light
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A job for a 4-way arbiter

Each player's button pre-empts the other players.
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Triangle mesh arbiter

f(n) € H expresses an n-way triangle mesh arbiter by

f) =1
f(n+1) = SZ"R(fn, (F1 Mh,t). ZR(ZR(ARB, S" "), 1)) 1))
where S : H — H rolls down the inputs

S = Az. ZR(I, 7)
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Triangle mesh arbiter

f(n) € H expresses an n-way triangle mesh arbiter by
f) =1
f(n+1) = SZ"R(fn, (F1 Mh,t). ZR(ZR(ARB, S" "), 1)) 1))
where S : H — H rolls down the inputs
S = Az. ZR(I, z)
For example, letting n = 4 and
g = A(h,t). ZR(ZR(ARB, S*~" 1), 1)
we have
f(5) = SZ'R(f4,(F19){1,2,3,4))



Triangle mesh arbiter

f(n) € H expresses an n-way triangle mesh arbiter by
f) =1
f(n+1) = SZ"R(fn, (F1 Mh,t). ZR(ZR(ARB, S" "), 1)) 1))
where S : H — H rolls down the inputs
S = Az. ZR(I, z)
For example, letting n = 4 and
g = A(h,t). ZR(ZR(ARB, S*~" 1), 1)
we have
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Triangle mesh arbiter

f(n) € H expresses an n-way triangle mesh arbiter by
f) =1
f(n+1) = SZ"R(fn, (F1 Mh,t). ZR(ZR(ARB, S" "), 1)) 1))
where S : H — H rolls down the inputs
S = Az. ZR(I, z)
For example, letting n = 4 and
g = A(h,t). ZR(ZR(ARB, S*~" 1), 1)
we have
f(5) = SZZZZR(f 4,9(1,9(2,9(3,9(4,1)))))



Triangle mesh arbiter

evaluating f(5) from the inside out ...

g(4,1) = (A(h,t). ZR(ZR(ARB, S* " 1), T) (4,1)
= ZR(ZR(ARB,S°I), 1)

?
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Triangle mesh arbiter

evaluating f(5) from the inside out ...

g(4,1) = (A(h,t). ZR(ZR(ARB, S* " 1), T) (4,1)
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Triangle mesh arbiter

SOt =



Triangle mesh arbiter

R(ARB,S"t) =



Triangle mesh arbiter

ZR(ARB,S"t) = [ ]?



Triangle mesh arbiter

R(ZR(ARB,S"#),T) = &
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Triangle mesh arbiter

ZR(ZR(ARB,S" ), 1) = %



Triangle mesh arbiter

g(4,I) =t
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Triangle mesh arbiter

R(ARB,St) =



Triangle mesh arbiter

ZR(ARB,St) = %



Triangle mesh arbiter

R(ZR(ARB,St),I) = %
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Triangle mesh arbiter

ZR(ZR(ARB,St),I) =



Triangle mesh arbiter

93,9(4,1)) = ¢



Triangle mesh arbiter

S2t =



Triangle mesh arbiter

R(ARB,S?t) =



Triangle mesh arbiter

ZR(ARB,S?t) =




Triangle mesh arbiter

R(ZR(ARB,S?1),1) =




Triangle mesh arbiter

ZR(ZR(ARB,S?t),1) =




Triangle mesh arbiter

9(279(379(471))) =t=



Triangle mesh arbiter

S3t =



Triangle mesh arbiter

R(ARB,S3t) =



Triangle mesh arbiter

ZR(ARB,S3t) =




Triangle mesh arbiter

R(ZR(ARB,S31),1) =




Triangle mesh arbiter

ZR(ZR(ARB,S31),1) =

i



Triangle mesh arbiter

9(179(25 9(3, 9(47 I)))) =



Triangle mesh arbiter
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Triangle mesh arbiter
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Triangle mesh arbiter

Z'R(f4,(F1g) w)




Triangle mesh arbiter
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Triangle mesh arbiter
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Triangle mesh arbiter

SZ'R(f4,(F19) uz)




Summary

- express families of complicated circuits generally
- automatically generate checkable DI semantic models

- automatically generate corresponding netlists



Further reading

- https://www.delayinsensitive.com
— full details on everything in this presentation

- https://statebox.org
- overlapping ideas, more ambitious goals
+ Oliver Heaviside : The Life, Work and Times of an Electrical Genius

of the Victorian Age, Paul J. Nahin
- historical perspective on formal methods
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